Introduction
Electron emission from a solid is a fundamental process underlying the release of electrons into the vacuum under the action of heat, an electric fi eld, or photons, termed thermionic emission, fi eld emission, and photoemission, respectively ( Figure 1 ). Thermionic emission is based on changing the energy distribution of electrons in the solid by elevating the temperature ( T ), thus increasing the number of electrons that are energetic enough to overcome the surface barrier Φ . Thermionic emission was fi rst described by Richardson in 1901, 1 , 2 now known as the Richardson-Dushman (RD) Law:
, where J RD is the thermionic emission current density, A is a constant depending on electron mass, and k B is the Boltzmann constant. Field emission is based on free electrons tunneling through the surface barrier by having a strong electric fi eld to reduce the barrier's height and width. A description of fi eld emission was fi rst developed by Fowler and Nordheim in 1928, 3 , 4 now known as the Fowler-Nordheim (FN) Law: J FN = a × F 2 exp ( -b/F ), where J FN is the fi eld-emission current density, and a and b are constants dependent on the work function of the material. Here, F is the surface electric fi eld that can be modifi ed with an enhancement factor β (>1) to account for geometrical effects on the surface. Photoemission is similar to thermionic emission in the sense that it relies upon electrons in the cathode material being energetic enough to overcome the surface barrier. In the most basic form of photoemission, a single photon imparts energy to an electron on the surface such that the kinetic energy of the electron can overcome the work function, which is the famous photoelectric effect explained by Einstein in 1905. 5 Photoemission is best described by the FowlerDuBridge (FD) Law, developed in 1930s. 6 , 7 These three classical models were later combined into a generalized model. 8 All of these models assumed that the electron dispersion in the bulk solid is a parabolic type function. However, this may not be valid for new, novel materials such as graphene and other two-dimensional (2D) Dirac materials in which the transport electrons follow relativistic energy dispersion.
Monolayer graphene 9 was formed experimentally by exfoliation in 2004, and subsequently, many of its unique properties 10 have been reported, such as linear band structure, ultrahigh mobility, 9 excellent optical, 11 , 12 electrical, 13 and thermal 14 , 15 conductivities, which indicate that graphene may be a suitable material for electron emission. An electron in graphene is described by a peculiar "linear band structure," where the electron's energy and momentum are related by linear energy-momentum dispersion given by ∝ E p , where E is the electron energy and p is the electron momentum.
16 , 17 Such unusual energy-momentum relation coincides with that of the ultrarelativistic massless Dirac fermion in high-energy physics. The theories of thermionic emission and fi eld emission (also known as the RichardsonDushman [RD] and Fowler-Nordheim [FN] Laws, respectively) were formulated more than 80 years ago for bulk materials. In single-layer graphene, electrons mimic massless Dirac fermions and follow relativistic carrier dynamics. Thus, their behavior deviates signifi cantly from the nonrelativistic electrons that reside in traditional bulk materials with a parabolic energy-momentum dispersion relation. In this article, we assert that due to linear energy dispersion, the traditional thermionic emission and fi eld emission models are no longer valid for graphene and two-dimensional Dirac-like materials. We have proposed models that show better agreement with experimental data and also show a smooth transition to the traditional RD and FN Laws.
Thus, an electron in graphene exhibits pseudorelativistic characteristics and is commonly known as "massless Dirac quasiparticles." The relativistic linear energy dispersion represents one of the most remarkable properties of graphene that differentiates it from traditional bulk materials in which the transport electrons follow the well-known nonrelativistic parabolic energy dispersion of 2 ∝ E p . Intriguingly, the ultrarelativistic quasiparticle dynamics of graphene generates the nontrivial Berry phase, a geometrical phase acquired by the quasiparticle when its quantum mechanical wave function is rotated adiabatically in phase space. 18 , 19 The unusual energy dispersion of graphene gives rise to various unexpected phenomena such as the unconventional quantum Hall effect; 19 , 20 Klein tunneling, where an electron transmits perfectly regardless of barrier height and width; 21 specular Andreev refl ection, where the electron is converted into a hole of unusual propagation trajectory at a superconductor/graphene junction; 22 , 23 negative refraction of electrons that is equivalent to the optical negative refraction in a metamaterial; 24 , 25 and many other novel phenomena that are absent in traditional bulk material. 26 While the in-plane electron transport properties of graphene and other 2D Dirac materials have been extensively studied in the past decade, out-of-plane transport, such as electron vertical emission from the plane, remains relatively less explored and has only recently received attention due to the emergence of various 2D-material-based van der Waals heterostructures 27 , 28 (VDWHs)-a superlattice-like nanostructure formed by stacking different types of 2D materials. As the hybridization between the vertically stacked 2D layers is rather weak in VDWH, electron emissions become the central transport mechanism along the vertical direction. 29 , 30 Due to the highly unusual quasiparticles dynamics in graphene, the traditional emission equations may no longer be valid.
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Electron emission from graphene-based nanostructures
Field emission from graphene and few-layer graphene (FLG) sheets have been actively studied. The fi eld-emission properties exhibit a wide range of turn-on fi eld ( F o )-the electric fi eld strength at which a predefi ned emission current is reached-and fi eld-enhancement factor ( β )-the ratio of the actual electric fi eld strength to a reference electric-fi eld strength calculated using a simple parallel plate capacitor model-that vary signifi cantly in different studies. Field emission from the FLG edges was obtained with F o = 3 V/ μ m. 34 The extracted β = 7500 obtained by fi tting the FN Law is inconsistent with the theoretical predictions of β < 1000 for a sharp corner of a nanosheet. 35 Field emission from a thin-fi lm spin-coated with monolayer graphene 36 was reported to occur at F o = 4 V/ μ m, with smaller β ≈ 1200. Comparable ranges of F o = 1 to 7 V/ μ m and β = 1200 to 4700 were reported from differently fabricated graphene. 37 -39 By using a single sheet of reduced graphene oxide to suppress the screening effect, a very low turn-on fi eld of 0.1 V/ μ m and β ≈ 50,000 were reported. 40 In a lateral geometry that utilizes the edge emission between two suspended graphene sheets separated by a nanogap, a modest value of β ≈ 100 was reported. 41 A FLG fi eld emitter using arc discharge of graphite in hydrogen could be operated at a low turn-on fi eld of F o = 0.7 V/ μ m. However, the experimental current-voltage characteristics could not be fi tted to the FN Law, 42 thus suggesting that the traditional FN Law may no longer be valid for graphene.
Inconsistency with the FN Law was also observed in vertical fi eld emission from a fl at suspended graphene (no substrate effect). 43 A peculiar "bending" is observed in the data when fi tted using the FN Law ( Figure 2 ). Such a "bending" effect was also observed in a spin-coated graphene fi eld emitter, a vertically aligned N-doped FLG fi eld emitter ( F o = 1.27 V/ μ m and β = 800 to 10,000), 44 and large-area graphene on a quartz substrate ( F o = 3 V/ μ m). 45 It was suggested that the "bending" is a signature of space-charge-limited transport in the quantum regime where the emission current density and the bias voltage are related by ∝ J V . 46 , 47 However, as the anode-cathode separation was in the classical length scale of approximately 1 μ m, this explanation is questionable. Another power-law dependence of J ∝ V 3 was reported in fi eld emission from suspended graphene. 48 By considering a 2D thin-fi lm geometry with the quantum confi nement effect, a model for edge emission was developed, 49 which provides a modifi ed FN-like relation of Recently, thermionic emission from graphene has been reported, 53 , 54 which is also important for the solidstate Schottky diode-a junction structure composed of a semiconductor and a metal, where charge injection at the interface is limited by the Schottky barrier height (SBH), a physical parameter that dictates how much current fl ows across the diode. The traditional Schottky diode model (see Equation 2 ) is often employed to extract the SBH. In a graphene/bulk semiconductor Schottky diode, a nonsaturating reverse-bias current was observed, which contradicts the classical Schottky diode equation. 55 The nonsaturating reverse-bias current can be understood from the fact that the bias voltage also shifts the Fermi level in graphene, thus lowering the SBH. Based on this behavior, a "barristor" device in which the SBH is gatetunable has been prototyped. 56 Although a Landauer-based Schottky model was proposed for a graphene Schottky diode, 57 the model is dependent on an empirical "interface transit time," which can only be fi tted from experimental data. A Schottky transport model for a graphene-based interface that is free of an arbitrary fi tting parameter and depends only on material properties forming the interface shall play an important role in the understanding of graphene-based Schottky devices.
Revised model for thermionic and fi eld electron emission
In spite of the seemingly different transport pictures of thermionic emission and fi eld emission, their emission current density, J , is governed by:
The electron's total energy ⊥ = + E E E is partitioned into in-plane and cross-plane components E and ⊥ E , respectively, which determines the electron emission process and the electron supply function ( ), 
where J SDE is the current density, h is the Planck's constant, e is electron charge, V is the bias voltage, and * m and Φ B denote the electron effective mass and SBH, respectively. The band diagram of the Schottky contact is shown in Figure 3 a . Equation 2 is derived under the assumption of parabolic energy dispersion for nonrelativistic electrons in a traditional bulk material. For graphene, Equation 2 is no longer valid, and the linear energy dispersion needs to be taken into account. By considering a linear energy dispersion 
This equation is applicable to both zero-bandgap Dirac dispersion such as in graphene, and fi nite-bandgap Dirac dispersion such as in MoS 2 . It is clear that the electron effective mass in the RD Law has been replaced by the Fermi velocity of graphene, circumventing the problematic zero-mass issuedue to the massless nature of graphene's quasiparticles, Equation 2 would paradoxically dictate the electrical current to be vanishingly small for graphene. Using this equation, better agreement was obtained in a recent experiment 54 using a suspended graphene sample. The extracted work function of 4.514 eV is in excellent agreement with experimental measurements 59 and fi rst-principles calculations. . Recent experimental studies have also observed spatially inhomogeneous SBH, qualitatively explained by interfacial defects 62 , 63 and electron-hole puddles-small regions of excess electrons and holes on the graphene plane induced by randomly distributed charge impurities. 64 -66 These observations can be explained by a revised Dirac-Schottky diode equation (DSDE): Finally, we briefl y discuss Schottky barrier formation mechanism in graphene-based Schottky contacts with either three-dimensional (3D) or 2D semiconductors ( Figure 3b-c ) , because it remains unsolved. By comparing SBH measurements from multiple experiments, 55 , 63 , 67 -70 the SBH is found to be only weakly correlated to the work function of a 3D semiconductor, but exhibits a much stronger correlation for a 2D semiconductor, 33 which suggests that the effect of Fermi-level pinning is likely to be suppressed in the graphene-2D semiconductor contact. This is in agreement with fi rst-principles calculations 71 and offers greater fl exibility in engineering the SBH.
Generalized vertical electron emission model for graphene
Not only does the energy dispersion of fewlayer graphene (FLG) deviate strongly from its single-layer form, it also depends on the stacking confi guration used, 72 such as ABC or ABA stacking ( Figure 4 ). In general, the energy dispersion of ABC-stacked N -layer graphene follows a simple scaling of , ∝ N E k while that of ABA-stacked N -layer graphene is composed of multiple zero-bandgap and fi nite-bandgap Dirac subbands. By using this relationship, various thermionic emission formulas for FLG with different stacking confi gurations were obtained (Table I in Reference 32 ) . By using Kane's nonparabolic energy dispersion, which is widely used to describe the electrons in a narrow bandgap semiconductor, 73 
which allows the transition between the ultrarelativistic to nonrelativistic limits through a parameter γ . This parameter describes how strongly the energy dispersion deviates from a perfectly parabolic band and is directly related to the bandgap-the strong coupling between conduction and valence bands results in large γ for a very narrow bandgap, whereas γ becomes small for a wide-bandgap semiconductor. For strong nonparabolicity ( γ >> 1), T 3 -scaling dominates, similar to Equation 3 . For perfect parabolicity ( γ << 1), the conventional T 2 -scaling is recovered.
Finally, based on the same approach, a generalized FN Law for vertical fi eld emission from the graphene plane has been formulated as: where e g is a material-dependent parameter. For γ << 1, it reverts to the traditional FN Law. For a nonzero γ , it follows an unconventional form with a F 3 prefactor, which prevents the use of the traditional FN plotting to estimate β .
Conclusion
In summary, we have highlighted some recent developments in thermionic and fi eld emission of electron emission from graphene 31 -33 to show a smooth transition between the nonrelativistic and the relativistic regimes, which will be useful for the development of graphene-based cathodes and engineering of graphene-semiconductor contacts. Many related issues remain unanswered. Why is the fi eld enhancement factor unusually high in graphene (at the edge)? What are the photoemission characteristics of Dirac quasiparticles? For other exotic materials beyond graphene, such as topological insulators in which Dirac electrons and parabolic electrons coexist, Rashba electron gases that have been studied in traditional semiconductor heterostructures and more recently in hybrid organic-inorganic perovskites, the newly discovered Weyl and Dirac semimetals, and few-layer black phosphorusanother emerging class of 2D materials, are the traditional emission models still valid? A recent experiment on photoemission from 3D topological insulators reveals that the long-held belief of spin conservation in photoemission process is no longer valid. This hints that much new physics in this realm remains to be discovered. 
